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A Theory for Optimal MTI Digitai Signal Processing

Part I: Receiver Synthesis

ABSTRACT

A classical problem in radar theory is the detection of moving targets in
a ground clutter plus rcceiver noise background. Improvements in clutter re-
jection have recently been made by replacing analog MTI processors by their
digital equivalents as this eliminates many of the problems associated with
the maintenance of the analog hardware. In an attempt to determine the ulti-
mate improvements possible using this new technology, the MTI problerﬁ was
formulated as a classical detection problem and solved using the generalized
likelihood ratio test. By manipulating the likelihood ratio, the receiver
could be interpreted as a clutter filter in cascade with a doppler filter bank.
The performance of the optimum receiver was evaluated in terms of the out--
put signal-to-interference ratio and compared with well-known MTI proces-
sors. It was shown that near-optimum performance can be obtained using a

sliding weighted Discrete Fourier Transform (DFT).

All of the results in Part I assume uniformly spaced transmitted pulses,
which, for high velocity aircraft, leads to aliasing of the target and clutter
spectra and detection blind speeds. In Part II the maximum likelihood method
is applied using 2 more general model for the non-uniformly sampled target
returns. This leads to an optimum receiver that is a slightly more complicated
version of the sliding weighted DFT. In addition to removing the detection
blind speeds, it is found that unambiguous doppler measurements are possible
by selecting the staggering algorithm to properly design the signal's ambigu-

ity function.
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1.  INTRODUCTION AND SYNOPSIS

The exact role of radar in the beacon equipped Air Traffic Control (ATC)
system is uncertain, and the issue will probably not be completely resolved
until after this decade. In the interim it is quite clear that it will be necessary
to employ radar for the detection and tracking of uncooperative non-beacon-
equipped aircraft. It is therefore of interest to determine whether or not re-
cent advances in radar technology could have any serious impact in improving
the performance of radar as an ATC surveillance sensor.

There are two basic problems associated with the use of radar for air-
craft surveillance. The first arises from the fact that the radar uses a fan
btain the desired altitude coverage. This means that
target returns must be processed in a strong ground clutter background, a
problem which has not really been successfully resolved even after two dec-
ades of MTI development. Once a target return has been detected, there re-
mains the problem of associating the radar position measurement with the
aircraft that was the actual source of the datum. The difficulty here arises
from the fact that radar has been used to extract information of only the posi-
tion of the aircraft, no velocity filtering having been performed,

It was originally intended that a study be made of recent advances in radar
utter processing techniques that have resulted mainly through the use of
digital signal processing (DSP). On trying to deduce a rational means for
determining the enhancement in clutter rejection that might be obtained using
DSP in conjunction with the present enroute radars, it was discovered that no
general body of theory was available to adequately characterize the signal and

noise environment that confronts the MTI processor. Hence no optimal MTI



receivers had ever been derived, hence nc performance measures existed for
comparing a practical receiver with the theorstically optimum. It was decided
that such a theoretical investigation be undertaken, the results of which make
up the bulk of this paper. In addition to deriving a theory that puts classical
MTI processors in perspective, a new optimal processor is deduced that can
lead to significant improvements in the ability to detect targets in ground clut-
ter. Quite accidentally, this processor happens to be capable of resolving

the data association problem as it provides for unambiguous estimates of aircraft
velocity. These estimates can be used to perform bulk filtering on the raw
data and, in addition, lead to significant enhancement of the quality of aircraft
tracks. The processor will have to be implemented using DSP techniques
which is entirely appropriate considering the current developments in radar
technology.

The paper is structured as follows: In Section Il models are derived for
the sampled-data target and clutter returns that evolve from a particular
range-resolution cell as the antenna scans through azimuth, Statistical
Decision Theoretical tests are then applied to these models in Section III to
derive-the optimum detector. It is shown that the optimum receiver consists,
not surprisingly, of a clutter rejection filter and a bank of matched filters,
The pulse-canceller filters used in classical MTI technology can be interpreted
as practical approximations to the optimum clutter rejection filter. The good-
ness of this approximation is the subject of Section IV where it is shown that
the performance of the optimal and suboptimal filters is well-characterized
by the signal-to-interference ratio (SIR). This performance measure is used

to compare the detection in clutter capabilities of the classical MTI filters



with the optimum processor., It is shown that the two-pulse canceller per-
forms very poorly indeed, and that the ideal clutter notch filter loses 10 dB

in detection SNR as compared with the optimum. Since the receiver involves
filters that are matched to the two-~way antenna pattern the possibility exists
for optimum azimuth estimation. The standard formula for the mean-squared
error in the delay parameter is applied to the azimuth parameter in Section V.
A brief discussion of the effects that weather clutter would have on the opti-
mal ground clutter processor is included in Section VI. For theoretical com-
pleteness the optimum weather clutter processor is derived and interpreted

in terms of adaptive minimum-mean-squared-error filters,

The results in Part I are based on the assumption that pulses leave the
transmitter uniformly spaced in time, For ATC en route L-band radars in
which the unambiguous range must be 200 nmi, unambiguous velocity mea-
surements are not possible, Furthermore, '"blind epeeds'" occur at multiples
of the transmitter PRF at which the detection SNR of even the optimal detec-
tor is degraded below practically useful limits. In the development of classi-
cal MTI processing it has been found from intuitive considerations that if the
transmitter pulses arc staggercd in time, improved detection performance
can be obtained. However, there has been no theoretical investigation of the
exact effect that staggered PRF's have on the underlying target and clutter
models. In Part II this question is explored in detail as a signal design

problem and uses the analytical techniques developed in Part I,



1. TARGET AND CLUTTER MODELS FOR MTI PROCESSING
The key discriminant that is used to process aircraft targets out of a
ground clutter background is the doppler frequency shift that is induced-by the

aircraft as it moves relative to the st:
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on the basis of a set of returns received as the antenna scans past the air-
craft. Since the aircraft moves slowly relative to the tip speed of the antenna,
there will be no significant change in the target range during the short time on
target. For this reason MTI is fundamentally a sampled data system as the
relevant information shows up at the same range cach interpulse period.
Historically pulse-to-pulse processing has been done by storing all of the range
data from each transmitted pulse in delay lines. More recently, it has be-
come popular to store samples of the range data and implement the MTI filters
digitally, as this overcomes many of the practical problems associated with
analog processing. In an attempt to obtain a measure of the clutter rejection
capabilities of the best possible MTI processor, digital or analog, it be-
came clear that good performance upper bounds were not available. In an at-
tempt to deduce them, it was also recognized that presently used target and
clutter models are imprecise and leave out valuable information that can be
used in target tracking. The historical background and development of clas-
sical MTI can be found in [1] - [3]. Reference [2] provides the best descrip-
tion of target and clutter models, but fails to include the target azimuth which

1soc a relevant parameter to be estimated. The general approach to target
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and clutter modeling and detector synthesis developed in this paper has much
in common with the work in reference [4] which documents the results of a

parallel but independent study of Airborne MTI.



Tarpget Model

The radar transmits a never-ending sequence of simple on-off pulses of
R} energy at carrier frequency fC Hz. The complex envelope of the basic

pulse is p(t), where

JE /AT 0=t=AT
p(t) "{ (1)

otherwise
Ep being the energy per pulse., The transmitted waveform is therefore

= o]

£.(0) = LN l p(t — nTp) (2)

n= -t

where Tp is the interpulse period. Throughout Part I it is assumed that T

is constant, while Part II

from pulse-to-pulse. For the Air Route Surveillance Radar (ARSR}), the
radar to which the results of this study are to be applied, the preceding
parameters have values f. = 1300 MHz and Tp = 1/360 sec.

If an aircraft is located at azimuth ¢ and the antenna scans at a rate W
rad/sec. then the detailed model of the signal return for the conventional

scanning pulsed radar [5] is then1

[e2]

2 iZmvt
§2(t)=yG (u)st-—q)) e’ 2 p(t-—nTp—'l‘) . (3)
n=-ow
jZwvt
In {3) e represents the doppler modulation due to the aircraft motion,

V= ZxrrfC/c is the doppler shift (v, = radial velocity towards the radar,

The carrier frequency is removed at the receiver,



¢ = velocity of light}); GZ(G) is the antenna two-way voltage gain, 7 is the delay
corresponding to the target's position at range R = ¢1/2, o is the target bearing
and y = A,eje represents the unknown amplitude and phase of the carrier signal
return.

For the ARSR the pulse duration AT = 2l sec, is small relative to.the
interpulse period of Tp = 1/360 and since the antenna pattern changes slowly

relative to AT the following approximation can be used:

2 " C?
G (w T — ) 2 p(t—nTp—T)w 2 G (wsnTp+wST—<P) p(t—nTp‘*T)

n= - n=~w
(4)
Furthermore at L-band targets moving at 600 knots induce a doppler shift of
2600 Hz. Hence the smallest period of the doppler modulation is . 4msec.
which is large relative to &T, hence allowing the approximation
jémvt PLav(nT_ + 1)
e p(t—nTp—T)me P p(t—nTp—'T_) . (5)

The constant ZovT can be lumped with the unknown RF phase leaving

o jZ-nvnTp
£,(t) = v lG(nwsTerws'r—-cp)e p(t—nT_—1) . (6)
n= -w
It is standard practice to match filter each Tp segment of range data to en-
hance the range resolution. This is accomplished using the filter with im-
pulse response h(t) = p(-t)/q/Ep (with delay AT to insure realizability). The

resulting waveform is
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5(t; @) >3
e 5 jZ-rrvn'II‘)
- YJ—Ean_mc (nu, T+ w1 e bt =nT_ =) (7)
where
1 o0
=5 | pe) plo + 1) dy (8)
p -l

is the autocorrelation function of the basic pulse and o = (v, o).

Notice that although 5(t; o) represents a continuous function in range, the
effects of the doppler modulation and antenna beam pattern are well approxi-
mated by discrete time sample-values taken each interpulse period, In other
words the significant changes in the doppler information arise only every T
sec., hence some provision must be made for storing all of the range informa-
tion over several '1“D segments. In classical MTI this is done using a number
of analog delay lines each of length Tp sec. For a variety of reasons that are
of more practical interest than theoretical, modern MTI processors have been
implemented digitally, This means that each Tp seconds of range data is
sampled at discrete range intervals and converted to a digital number for dig-
ital processing. It is convenient to think in terms of the data that evolves from
a particular range resolution cell on a sampled-data basis. Ideally this sam-
pling would be done at least twice per radar pulse width to prevent a loss in
detectability due to sampling rate [6]. In this case a 1 megacycle A/D conver-
ter would be needed to sample S(t; o) in (7) to produce samples spaced

AT/2 = 1l sec apart,



Henceforth it is assumed that samples of S(t'; @) are taken at times
nTp + mAT/2 sec., where first a value of n is specified, and then for each
value ofn, m=1, 2, ...., M. The processor can be visualized as having
M separate memories and as each range sample is taken it is shuffled to the
memory unit whose index corresponds to the range cell being sample.
Therefore in the mth memory unit are stored the samples taken at times
t:‘ =T+ AT /2 which when applied to (7) yields the target sample values
j2wvnT

JE. G° AT
n 52 = YWE GTnu T 4ot —q)e Py (B (9

5(t
n p

For convenience it has been assumed that the sample-store operation begins

at t =.0 at which time the antenna is pointing in the reference azimuth, Since

the exact value of 7 is unknown, the factor A/Ep wp(_r_n__zé'_l"_ 'r)is unknown and

adjoined to lv 1.

Furthermore the antenna pattern changes very slowly relative to a pulse

width AT, hence

2 2 mAT
G(anTp+ T—9) =G (nwsTp+wS 5 —y) . {10}

Since t, the aircraft azimuth, is unknown, the bias w mAT /2 can be inctuded

in its definition. However, it will be necessary to add this bias term onto

the estimated value of .
Therefore when an aircraft is located within the mth range ring, N com-

plex data samples corresponding to one scan of the radar will be stored in



the mth memory unit, whose values are
m 2 j2mynT

Sn(_g)zyG(nu)STp—r.p)e P n=0,1,2,....,N . (11)
The vector o = (v, ) denotes the unknown doppler shift and azimuth location
of the aircraft. In the most general context it is desirable to detect the pre-
sence of an aircraft and to estimate the parameters v and ¢ as well. FKquation
(11) resembles the classical delay-doppler target model. In this case, how-
ever, the delay corresponds to the target bearing. This can be made explicit

by defining T = cp/ws, and

o
HA
o
I

g(t) = (3.2((»S t) T (12)

s

where Ts = Zw/ws is the time for one antenna scan, the time needed to collect

the N data samples. Then (11) can be written as

m j2mvnT
S, (@) =y gnT — 1) e P (13)

where « is defined to be tuple (v, 7). Eguation (13) is interesting because it
suggests that the optimum filter will probably involve a bank of filters each
matched to the two-way antenna pattern, g(t), but tuned to different doppler
frequencies, A visual summary of the target model is presented in Fig. 1.

Clutter Model

Since ATC radars use fan beams in elevation to obtain altitude coverage,
it will happen that objects at zero elevation will be illuminated by the transmit-

ted pulses and constitute legitimate radar returns. Due to range-gating, only
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Fig. 1. {a) Sampling pattern in range. (b) Sampling pattern in range and
azimuth. (c) Typical voltage samples due to aircraft in mt range ring,
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those objects located in the mth range-resolution ring will constitute sources
of interference to the target signal, as illustrated in Fig. 2(a). Each scat-
tering center can be considered a target moving with zero velocity. Hence,
the kth scatterer in the mth range ring at azimuth ¢ yields a clutter signal

return according to (13) with v = 0, namely

m

Cron™ Y 80T, =Ty (14)
where Ty = cpk_/ws — m AT/2 takes the bias term mAT/2 into account. In this
case y, = Ake'}ek where Ak is related to the scattering cross-section of the
kth scatterer and Gk is the carrier phase shift it introduces. The total clut-

ter return is the aggregate of the signals in {14) and is therefore given by

c - é C}Iflnz Z: v 80T - ) (15)

The antenna scanning pattern and transmitier PRF are not synchronized which
means that each time the beam returns to the reference azimuth new phase
relationships will be generated between the collection of scatterers. This

means that on a scan-~to-scan basis 7 A and ek will be random variables

S
which means that C:r1 will be a discrete time random process, Itis reason-
able to assume that the returns from separate scatterers are statistically

independent and that the phases of each of the returns are uniformly distributed.

Hence the following conditions are satisfied:

yk=0 (]63)
Yev;= 0 (16b)

*"Uz b (16¢
YieYi T %k Ok, )

I1
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Fig. 2(a). Typical clutter scatterers in a range ring.
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where the bar denotes statistical averaging over the ensemble of scatterers.
The parameter cr}f is proportional to the racar cross-section of the kth scat-
terer, and Gk, jdenotes the Kronicker Delta. If it is further assumed that the
total number of scatterers is large enough so that some form of the Central
Limit Theorem bolds, hence Crrln can be thought of as a sample function of a
raussian process [7]. Such a process is completely

characterized by its mean and two autocorrelation functions. Using (16a)

and (16b) it is easy to show that

— .

c =0 (17a)
m

clcl=0 . (17b)

The final relationship needed is

m ., mi

C, C, = >E >f kaj”‘ g(nTp—Tk) g*(lTp—'fj) . (18)

To evaluate {18) it is noted that the effective time duration of g(t) is well ap-

proximated by T = Ae/ws where AB is the antenna beamwidth. Hence the

number of terms in the summations of {18) will be limited by the number of

scatterers in the intervals (nT_~— T_/2,nT + T_/2}and (1T —T_./2, 1T 4+ T_/2)
p k P ke P k. p

as illustrated in Fig, 2(b}. Letting I{n) denote the index set corresponding

to the scatterers that contribute non-zero elements to (18) we have

m me N o~
= * - b —

13
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Fig. 2(b).

Effective scatterers in a range-azimuth cell.
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Since the two-way antenna voltage gain pattern is real and using (16c), {19)

becomes
c™ ™. } g T — T ) sl T =7 (20)
n 1 , k & P k' 8 p k

keI{n)
To carry out the statistical averaging needed to cvaluate (20), it is useful to

deal with a more general problem.

Consider

T /2 |
glt— 1) gls —7) = (t—m)gls =1 ) p(7 ) dr (21)
k k I—TS/Zg k' 8 K PV @k

where p('rk) is the probability density function of the location of the k' scat-

It is reasonable to assume that the scatterers are uniformly distri-

terer,
buted in azimuth throughout the range ring, in which case
p(1,) = 1/T (22)
Hence
T /2
(23)

15
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(t— T, ) gls — T, )1dT, ~ | (t— T7,) g8 —T,)0Q7
T /zg K k Tk B k k' ¢k

=]

:J\ glo + t —s) glo) de

- 00

= R {t—s) (24)

where Rg('r) is the autocorrelation function of the scaled two-way antenna voltage
gain pattern. Using (24) with (23) in (20) the correlation between elements in

the clutter sequence is given by

m m’E_l _ % ¥/
cl e s R -1 T l o . (25)

5 kel(n)

As the antenna rotates, the beam will envelope ensembles of scatterers whose
underlying statistical parameters will be the same over azimuthal segment of
the range ring, but may vary from azimuth cell to azimuth cell. This time-~
varying nature of the average clutter cross-section can be made explicit by

defining

oZ(nT ) = l of . (26)

keI(n)

The {inal expression for the correlation function of the clutter process at the

rnth range cell is

LGi—3) cr'z(iTp) . (27)
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The result shows that the clutter process is basically a non-stationary
discrete~time process, due to the time-varying nature of the clutter cross-
section. Since the target data evolves as the antenna sweeps past the air-
craft, it is intuitively clear that only clutter scatterers that matter are those
located within a beamwidth on each side of the target., Owver this much smaller
interval, the clutier statistics are unlikely to change significantly and it is
reasonable to assume that the process is quasi-stationary. In this case
O'Z(nTp) can be considered a constant, hence the clutter correlation function
reduces to

2

=Z-R (jT) . (28)
+ 1) P

m ., m¥*
itj
5

R {T)=C, C
L= 1} i

Receiver Noise Model

In addition to the target and clutter samples at each range cell, there
will be a noise component corresponding to the sampled data version of the
receiver noise process. In (7) it was assumed that the signal return after
each transmitted pulse was processed by a matched filter and sampled every
AT/2 sec. out to the maximum range, If §(t) represents the RF white Gaussian
noise process due to the amplifiers in the receiver front end then its two sided
spectrum is

NO/Z |+ fC] = B/2
5,(t) = (29)

4] otherwise
where N0 = kTe, k is Boltzman's constant, Te the effective temperature and
B the bandwidth of the amplifier. Since both amplitude and phase of the signal

are to be processed, the receiver noise shows up as a complex Gaussian noise

17



process. If this is denoted by T(t), then its autocorrelation function is
e
Mty M (s) = ZNO 5(t — s) . (30)

It is this noisy waveform that is processed by the transmitted pulse matched

filter to yield to the new noise process

T
n D . N
=]  "—o) B8l gp . (31)
W JO ( J@;_ o

Samples of this process are taken at times t:ln = nTp + mAT/2, hence
TP
wi = r ﬂ(nT_ﬂ+mAT/2—U’)R(;£_'O—_) do (32)
o P N

n E
© p

which represents the noise sample when the mth range resolution cell is
sampled at time nTp. It is easy to show that this complex noise process has
zero mean, is Gaussian, and has correlation function
m __ m¥* :
w. w, = 2N i~npT_ 1 . 33
P W o ¥p LE— T, (33)
Since the autocorrelation function of the basic pulse has duration 2 AT which

is small compared to Tp, then it follows that the sampled receiver noise sc-

quence is also a white process, that is

m m*

The MTI Problem

Moving Target Indication (MTI) is fundamentally a detection

nrohlem In
I

RAraill, aii

terms of the signal, clutter and noise models developed in the preceeding

18



paragraphs it can be stated mathematically as a hypothesis testing problem as

follows:

v gnT — 1) gJemv nl Cm(nTp) + WhnT )

Hlm: target present: rm(nTp)

H: target absent: rm(nTp)

c™(nT +WmnT
5 (nT_) (nT )

n=90,1,...,N—-1; m=1,2,..., M (35)

m

The notation rm(nT ¥, Cm(nT }s Wm(nT } rather than rm, Cc o, wm is used
p p p n n n

to make the sampled-data nature of the problem explicit. The test is to be
In addition to the lack of
knowledge concerning the targets location in range, there also remains the
problem of estimating the unknown parameters, y, v, 7. In the next section
sampled-data techniques are used in conjunction with statistical decision
theory to deduce an optiinum rcceiver for target detection and parameter

estimation.
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1II. DECISION THEORY IN MTI AND THE CLUTTER REJECTION FILTER
The detection problem state in (35) could also be formulated as the test
for the presence of a finite dimensional signal vector in a colored noise vec-
tor background. This is the approach used in [4], [13], [14] and it leads to
very useful theoretical results but at some loss to physical insight as the pro-
cessing is stated in terms of the inverse of a certain clutter correlation
matrix. In an attempt to find a solution that can be interpreted in terms of
linear filtering thecory, the problem formulation will be altered slightly. Since

the doppler signal erﬂvnT

p is amplitude modulated by the two-way antenna
pattern g(nTp — T), which is non-zero for a relatively small number of hits
compared with N, it can reasonably be assumed that the received signal se-
quence r(nTp), is infinite in extent, 2 This sequence is then preprocessed by
a sampled-data whitening filter, hw(nTp). Denoting the output sequence as
r’w(nTp), then

o

T (nT)) = k_l b (nT = KT ) r(kT ) . (36)

s

Under the Hl hypothesis, the target is absent and

r(nT ) = C(nT ) 4 W(nT ) . (37)

This is a discrete-time quasi-stationary random process with correlation

function

The superscript notation denoting "mth range ring" has been suppressed
since identical processing is applied to the data from each range cell.

20



R (nT ) = R (nT ) + 2N_ §(nT ) ' (38)

which follows from (28), (34) and the fact that 6(nTp) is used to represent the
Kronicker Delta 6n0‘. This ranQom process has a spectral density defined as
the Z-Transform of its autocorrelation function [7], If S(z) denotes the spec-
tral density of a sampled-data random process whose correlation function is

R{nT ), then
p

oy N\ v o % -n > T s e o2 . s
5 = Ri{nT = Z LR(nT . 3
(z} _L:m z pJ z LK({ p)J {59)
Applied to (38)
Sr(z) = Sc(z) + 2N0 . {40)

Since rw(n‘Tp) is the result of passing r(nTp) through a linear filter, its spec-

tral density is [8]

- 1
5, (2) = Hyle) Hy () 5,(2) (41)

where

TT I

H_(z) = Z[hw(nTp}] . (42)
The filter was to be chosen to generate an uncorrelated output sequence when
(37) is the input. This means that

S. . (z)y=1 {43)
whiéh can be achieved by choosing the filter so that

Ho() Hl2) = sarvem. (44)
C (84
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If SC(Z) werc a ratio of polynomials in =, then {44) could be factored into
poles and zeros inside and outside the unit circle |zl = 1 in the complex
z-plane. The poles and zeros within the circle could be assigned to Hw(z),
while Hw(lz) would then account for the poles and zeros outside the unit circle.
As it turns out, the whitening filter is not used explicitly in the final detector

realization, hence it is really not necessary to specify the rule for solving

(44). The point is, that under the no signal hypothesis

r (nT )= NnT 45
WlPT) = TnT ) (45)
where ’I](nTp) is a zero mean, Gaussian discrete time white random process
with unity spectral density, Under the H_ hypothesis, the targetl is present
and
rinT } = vS(nT ; o) + C{nT )} + W(nT 46
(nT ) = yS(nT ; &) (nT) (nT)) (46)
where from (38) o = (v, T) and
S(nT_; o) = g(nT — q) eIyl (47)
P P
The response of the whitening {ilter to the input {46) is
r {(nT Y=+v5 (nT ; o) + WnT 48
WPT ) = YS (T ;@) + UnT ) (48)
where
oo
ST ;@)= ) h (aT —KT )S(KT ;o) . 48
WP 2) WAPT = KT ) S(KT s o) (48)

k= -

An hypothesis test that is completely equivalent to (35) can now be formu-

lated in terms of the detection of a signal in while noise.
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H, : target present: rw(nTp) = ySW(nTp; o) + T](nTp)

1
H : tarpet absent: r (nT )= T(nT . 50
o target absent: 1 (nT ) = (T ) (50)
— . ~ r o . .
For a variety of reasons (5], the optimum detector is chosen as the one

that computes a generalized maximum likelihood ratio and compares its value

with a threshhold. The target is declared present if

max ?[rw(nTp)”\Ho’ Y _O_f]
Yo & Tplr (T HH| ]

>A . (51)

When the noise is zero mean, Gaussian and white, (51) is maximized for

Yy = Q(g) Where3

E e
}_4 rw(nTp) S_w (nTp, o}
A =-®
Vo) = h (52)
[ ) \Sw(nTp);g)l]
n=-®
The denominator in (55) can be considered a normalization factor. Then let-
ting
[e o}
. ¢ 2
E(o) A EA S nT ; o 53
(_)zn:_mlw( o 91 (53)

and substituting (52} and (53) into {51) yields the test

]
¢

max | 2 r (0T ) s"w(n'rp; o) |%/E(@) >\ . (54)

The asterisk denotes complex conjugate.
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A block diagram representation for this processor is shown in Fig. 3.

This result is still not amenable to physical interpretation and alternate
ways of implementing (54) are sought. This will be done following the
sampled-data analog of the technique used in 197, 110) in conjunction with the
detection of stochastic signals in colored noise. The mathematical manipula-
tions are detailed in the Appendix where it is shown that the test in (54) is

equivalent to

m 3 o . 2 P
3* ln;_w x(nT ) *(nT ; ) |°/E(e) (55)
where now
E(o) = n}f«» y(nT ) 8 (nT 5 &) (56)
<t )= 27! [H (0 B () REa)| (57)
y(nTp) = Z”I[Hw(z) HW(-IZ-:) S{=z; _q)] (57b)

and R(z), S(z; @) are the z-transforms of the non-whitened sequences r(nTp),

pectively. The sequences x(nT ) and y{nT ) can be interpreted
p I

as the result of passing signals r(nTp) and S(nTp; @) through a filter whose

z-Transform is
_ 1
Hc(z) = H (z}) H (_z) . (58)

From (47)this reduces to

24



WHITENED VERSION OF
TRANSMITTED SIGNAL
TUNED TO DOPPLER v

r(n:f)_._ H{e 27T5)

WHITENING
FILTER

Fig., 3.

s,(n*rp,v,) /e

()

SQUARE - AW
DEVICE

S,:,(nTp, v)/E(

1/2

SQUARE-LAW
DEVICE

Su{Toiv,) /Eva(

SQUARE -LAW
DEVICE

using whitening filters,

25

PICK
LARGEST

-44377]

TARGET
PRESENT

THAN >

THRESHOLD

NO

TARGET
ABSENT

Block diagram realization of optimum processor




1

HC(Z) = W (59)

and for reasons that will become clearer as the analysis proceeds, Hc(z) is
called the Clutter Rejection Fiiter. In {(57), which is the key operation so far
as the detection process is concerned, it is evident that the received signal
is filtered by Hc(z), which depends only on the clutter and noise statistics,
The output of this filter is then correlated with locally stored versions of the
original signal, not the whitened version of that signal. As it is well known
that such a correlation operation is optimum for detecting signals in white
noise, it appears that Hc(z) is trying to remove the clutter in some optimum
way.

Matched Filter Bank

Using (47) and the fact that E(¢) depends only on v and not on 7 (Appendix},
it is possible to express (55) in terms of a bank of doppler filters, Defining

the impulse reponses

h(nT ; v) = g(-nT ) ed2mvnT ek, (60)

then it is straightforward to deduce that the likelihood ratio test, (55), is

equivalent to

max | Z h(T -nT ; v) X(nTp)l2 >A (61)

n=-%®

The argument in (61) is the output at sample time T (quantized into increments

at width Tp) of a filter whose impulse response is tuned to a doppler frequency
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v and matched to the two-way antenna pattern scaled by the factor E%(v). There-
fore at each sample time a search is made over the filter bank for the largest

output. Since the memory of the filter is limited by the effective time duration

-

wraliae nood tn ho
I Vaiucd IivTy vy ov

[

}s TE, TE/Tp suc
numbers exceeds the threshold then a target is declared present. Further-
more the sampling time and the doppler frequency at which the maximum value
occur represent the maximum likelihood estimates of target bea.:ring4 and
velocity.

Therefore a realization for the optimum sampled data MTI receiver has
been derived that is intuitively easy to understand from a linear filtering
point of view. As shown in Fig., 4, the received samples are processed by a
clutter rejection filter that tries to remove the clutter background from the
tar n. T

les are passed throug

Liid Uil

a han
a Dar

ik of filters

pa
matched to the original target antenna modulation. These filters further pro-
cess the target out of the white noise background and at the same time gener-
ate estimates of the target bearing and velocity.

The classical works in MTI have focused on only one aspect of the above
receiver, namely the realization of the clutter rejection filter. That this is
true can be deduced by {irst noting that the frequency response of a sampled-
data filter is given by the z-Transform evaluated on the unit circle, From

ejZTrf".['

60) with z = , the frequency response of the clutter rejection filter is
p y P J

Provided the bias term ws AT is added to the estimate.
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Fig. 4. Block diagram realization of optimum processor.
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_ 1
Hc(f) - 2ol (62)

jérmii

S (e Py 4+ 2N
C 0

A typical clutter SPéctral density is illustrated in Fig. 5, as well as the re-
sulting frequency characteristicé of the clutter rejection filter. The sketch
shows the effects of sampling in terms of aliasing the spectral density and
the clutter filter characteristic. Furthermore the fact that the clutter filter
inserts a notch at DC and at all multiples of the sampling frequency is remi-
niscent of the behavior of Classical MTI pulse cancellers. However, the
derivation of the optimum MTI receiver provides the means whereby reason-
able suboptimal approximations can be evaluated and compared. In the next
section a design criterion that reflects the clutter rejection capabilities of a
processor is defined and applied to the ARSR problem to evaluate the perfor-

mance of classical MTI receivers as compared to the optimum processor.
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Fig. 5. Frequency characteristics of a typical clutter rejection filter.
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IV. COMPARATIVE EVALUATION OF MTI PROCESSORS
The ideal criterion for evaluating the design of any detector is the trade-

off between the probability of detection and the false alarm probability. In gen-

The performance mea-

a1

eral
of the statistics of the background clutter and noise.

these quantities are difficult to compute as they require precise knowledge
sure adopted here, as in [4], [14] is mainly concerned with the ability of the

Since the optimum processor is a linear

receiver to detect targets in clutter,
filter followed by a square-law envelope.detector, it is reasonable to restrict
Then it is appropriate

the field of comparison to the class of linear filters.
to measure the detection performance of any filter in the class by the signal-
This quantity is defined

to-interference ratio (SIR) at the output of the filter.

to be
4 instantaneous peak target output power (63)
P = average noise output power
When a target is present the received samples are
r(nT )= s{(nT ; o )y4c(nT Y + w(nT 64
(RT ) = s(nT s &) +e(nT ) + wnT ) (64)
{y » T, v ) represents the true parameter values and
o
(65)

where o =
~o o' o
. _ _ j2nv nT
s(nT_; 9‘_0) =Y, g(nTp 'TO) e o T p

If h(nT ) is the impulse response of an arbitrary linear filter, the target out-

put at each sampling time is
(66)

Es(nTp) = h(nTp ~ kT ) s(kTp, a)

k= e
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Therefore the instantaneous peak target power in és(nTp) can be expressed
as
2 _ 1 qb . n-1 2
(8 0T )" = |55 PH(z) 2 (22 ) 2 dz] (67)
where H{z) = Z[h(nTp)] and Z (z; @ ) = Z[s(nTp; go)]. The noise samples

at the output of the filter are

£, (nT ) :k}:mh(nTp ~ kT ) [AKT ) + W(KT )] (68)

and this output sequence has average noise power

\gn(nTp) lz = E}l?j JH(Z) H(-;—) [Sc(z) + 2N0] 2 tax . (69)

j2nfl
Since the unit circle, z = ¢ P is a legitimate contour of integration in

the z-plane, the SIR at sample time T is

V2T amr j2nfT jomiT 5/T
|'T ] H(e Py z (e P.o ) (e Py Par|
Pzt s o |
p{T) = . (70)
1721 T j2mfT
T j |H(e Py 15 (e Py 4 2N Jaf
Pyyjer c o

Since the Z-transform of (65) is [12]

-j2av_ T -'rO/T

Zlzig )=y, Gle % Paz °F (71)

5'1' and 'To are assumed to be multiples of T
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where G{z) = z[g(nTp)], then (70) reduces to

1/2 Tp . . . 2
| J H(eJZﬂpr) G(eJZTF(f — vo)Tp) c_]Z-rrf('r — 'ro) as |

5 -1/2Tp,

ot T 172T . 7 .
[ P ey |7 (s (82T 4 2N Jar
_1/2 Tp c O

. (72)

Using the Schwartz Inequality it can be shown that the SIR is maximum

when

G[e-—jZ'rr(f - VO) Tp:]

H(e_]ZTrpr) _ |

. (73)
SA(eJZTrfT
o

p) + 2N0 E%(vo)
This is precisely the cascade combination of the clutter rejection filter and
the matched filter that is tuned to the true target doppler v Furthermore
the maximum SIR is achieved only when the output of this filter is sampled at
a time corresponding to the true target azimuth T Of course it is not pos-
sible to build such a filter because v, and T, are unknown a priori. However
the maximum likelihood processor derived in Section III generates estimates
T, v which in a well designed receiver are close to the true values To’ V-
Therefore the filter that maximizes the SIR can be visualized as being the fil-
ter in the matched filter bank that is most closely tuned to the true target dop-
pler and sampled at a time T that is closest to the true target azimuth.
Therefore the maximum likelihood estimator, in addition to being an optimum

. . . 6 .
filter in the decision theoretical sense, is also optimum in the sense of

6

W
(g}
[l
o]
o]
»
(o2

Maximum probability of dete

33



maximizing the SIR. In the former case, the realization depended on the
Gaussian noise assumption for the clutter statistics, but in the maximum SIR
case, no Gaussian assumption is needed. Therefore the receiver has wide
applicability in MTI problems, '

The maximum SIR is found by using filter {73) in (72). This gives

2

1/271 p2r{(f—v )T

J P lG(e 0 pH ej2TTf('r-'r0)df 5

L 2T jewiT

> "pS (e Py 2N

P = Iy I T, /27T Pal—v)T_ 2 - (74)
jenfT

'I/ZT.-, {e Py o1
tJ (W ) ‘b ’ [ e adN

C 0

which when sampled at the correct time yields the maximum SIR

: 2
1/27T jew(f—wv ) Tp

_ 2 J“ P lG(e )|
opt(vo) - lY0l Tp 1/2T jemfT
/ p S_(e By + ZNO

b af . (75)

This result gives the ultimate performance capability of all linear MTI
processors, digital or analog. Probably the reasen this processor was not
devcloped years ago, is due to the difficulty in realizing the matched filter
bank at each range cell using analog hardware. With the advent of digital
signal processing techniques, however, it is not at all unreasonable to con-
sider a practical implementation of the optimum processor [13]. To deter-
mine whether or not this is a worthwhile project, it is necessary to compare
its performance with well-known MTI receivers that may be considerably

easier to implement, This can be done by specifying the MTI filter transfer
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function and using (86), again assuming that the peak signal sample is taken,

Then the SIR for suboptimal filters is

1/2T j2rfT 2n(f—v )T 2
P j o
{ ) -~ H(e P) gle P] ar|
~1/2T
2 p
p_(v)= |y |°T - (7€)
sub’ o ol "p 1/2T, 2wfT 2 j2nfT
| |H(e Pyl [s (e Py + 2N Jaf
f1/2T Lo ' ©
“p

In order to evaluate (75) it is necessary to compute the Z-transform of
the two-way antenna pattern and of its autocorrelation function. This task
can often times be made simpler by relating the Z-transform to the Fourier
Transform, since the latter is usually easier to compute. The desired re-

lationship is deduced by representing the sampled data function g(nTp) as a

continuous waveform using

o= gv) ) 8t-nt) (17)

n=-

where 6(t) is an ideal sampling pulse, the Dirac Delta function. Then if

L[g(t)] denotes the lLaplace Transform of /g\(t), then it is a fact [15] that

A
z[g(n'rp)] = Llgty ], _ %In . (78)
P
Therefore when g(t) is a well-behaved function
j2mfT ,
Py _ jeniT
Gle )= 2lenT )], 2T p
AL A
= LI, - jpue = FLEO)] (79)
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where F[g(t)] is the Fourier Transform of /g\(t). From (91)

FLgt)]

Flg(t) ] * i 6(f————)

n-—-—m

1

Z F (f-——) | (80)

n==-w

where Fg(t) = F[g(t)) and "*" denotes convolution. Therefore

j2u({f — v )T it ‘
o - _l_ — ~ Dy .
Gle -7 L Felf= vy =i (81)
n=- p
In order to make use of (81} in {75} it is necessary to use the term in the sum

that lies in the {-1/2 Tp’ 1/2 Tp) frequency interval. This can be made clear

by noting that Fg(t) is narrowband about DC, and then writing

™y
v, T T + Avo {B2)
p
where lav 1 =1/2T
Wi av o / p
jew(f — vo) ] :
Gle = T—ng(f— Av ) [f] =1/2 ]p . (83)

Since the spectral density of a discrete time random process is the Z-transform

of the sampled correlation function, then
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j2wiT .
S(e Py - 2[R(nT )] jenfT
A ! \ p' 'z = e 134
@
= FIR(t) ] % == 5(f — =) (84)
P n=-%
T evaliiate 72V and 76 ANl thanca frannonc tavime ~t to + 1 /2T Ao ~fF =
Ad WO VA LWAA LS \IJ’ € livd ‘l U’ UJIL)’ LIV OV 44 b\-iu\.all\.oy Lo d 1o VUL LW e 1/ & J.p (= R P Y
terest, therefore for lf\ =1/2 Tp
jenf{T \
ste  Py=5—FlrRM] . - (85)

R({t) is the correlation function of the continuous time cluiter process and in

this case is given by

2
R () = 7 R (1) (86)
p
where
Rg(t) = J:w glo) glo +¢t) do . (87)

Since F[Rg(t)] = \Fg(f) lz, then using {85} the spectral density of the clutter

process is

j2miT 1 Te >
S (e Py o T [:_r—-— ]Fg(f)\ ] , Ml =1/2 Tp . (88)
P s

Using (83) and (88) in (75) and (76) the final expressions for the signal-to-

inierference ratios are
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1/2T _ 2
p IF (~Av )]

2
p_ (v )= Iy | df (89)
oPL e ° il/zj‘ o P (1% +2N T
PT, Vg o p
/2T urr )
| J : H(e p)F(f-—Avo) af |
> tl/2T 2
p.f-‘.nh(vn) :IYnl 1/27T = (90)
subs o © e jmfT o 2 »
j |H(e Py | [,—I— lF()|“+2N T ]df
~1/2T s & °© P
P
mO
where v, © q-r Avo with |Av0] =1/2 Tp . (91)

Therefore to make a performance calculation it is necessary to:

1. Specify the two-way antenna voltage gain pattern as a function of
azimuth {i. e., GZ(B), 8| =m).

2. Compute the time function g(t) = Gz(wst), where w_ is the scan rate
of the radar {rad/sec.).

3. Compute the Fourier Transform

TS/Z

F (f) = (t -jenwit
(0= [ S, e

dt o T_=2r . (92)

s

4. Specify the sampled-data impulse response for the suboptimal filter,

h(nT ) and compute its Z-transform, H(z), which is in turn evaluated
jenft

atz= e b

In the paragraphs that follow, these steps will be applied to a sinx/x
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antenna pattern and several MTI filters that are representative of practical
implementations.

sin x/x Antenna Pattern

The sin x/x antenna pattern is extremely convenient to manipulate analyti-
cally and is fairly representative of those encountered in practice. It will be
adopted as the basic patiern for the remainder of this study. This means

that

where AD is related to the antenna half-beamwidth, Then

sin(w_t/A8) 2
g(t)=|: (wst/AB) ] (94)

It is easily shown that the Fourier Transform of g(t} in (108) is

w
82 (1 -22 gy 5] =&
Fg(f) = s 5 . (95)
0 otherwise

Let TE denote the time it takes the antenna to scan through A0 radians so that

UJS TE = A8 (96)

Since all of the effective target reports occur only as the main beam of the
antenna is on the aircraft, it is clear that TE measures the effective time on
target. Substituting (96) into (93) and the result into (88) gives for the clulter

spectral density
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E
I Pl o o L™ L O B P IR
Jl—lllJ-J- (=1 1—" p &
S (e Py - . (97)
¢ 0 /Ty < il =1/1

Since C(nTp) represents a sample of the clutter as seen by the two-way an-
tenna voltage pattern, IC(nTD) |2 represents the clutter energy per sample.

From sampled-data theory it is known that the average energy per sample is

1/27 o pre
— p jemiT
|C(nT )| =T f S (e Py ar . . (98)
P P ty/2T
p
Using (97) in (98) it follows that the average clutter power at the receiver

input due to clutter in a 360° range resolution ring is

2
p:—j--o"*,l-_'—e"- . (99)

Since T /T._ =
s/ "E

beamwidth in extent, and since the factor 2/3 arises from the assumed sinx/x

beam pattern, then it is clear that 0_2 represents the average clutter

power that would be received by an omnidirectional antenna due to scatters

throughout the 360° range resolution ring, It is appropriate to define another

parameter
2 2
v =0 /(TS/TE) (100}

as this represents the average clutter power inherent in the scatterers located
in one range-azimuth cell as defined by the antenna beamwidth A8, Since this

is an easier quantity to compute analytically, it will be used in future
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calculations. Therefore (97) becomes

ZTE - 2 <
BN L e ST £] =1/,
Sc(e p) = . (101)

o - 1/T,. <l =s1/2T
( E P

Since Fg(f) is also needed in the evaluation of the optimum receiver, then in

terms of T (95) becomes

T [l—T-\fl] le] = 1/T
F(ﬂ’ E E E
0

£

{102)
otherwise

Optimum MTI Performance

Since the structure of the maximum likelihood receiver depends only on
the antenna pattern, {102) can be used with (89) to evaluate its performance in
terms of the SIR performance index. Some typical resulis based on the ARSR
system parameters, [16] are shown in Fig. 6 for various values of cr(;:Z
Since the PRF is 360 pps the SIR performance curve is periodic with doppler
period 360 Hz, It is also symmetric about DC a result that holds in general
since the two-way voltage gain antenna pattern is real. The target and clut-
ter power returns are calculated on the basis of an aircraft located in a range
ring at 100 nautical miles. For targets at closer ranges the performance
will be significantly improved because target power follows an R_4 law while
the clutter depends on R-3. Therefore the results are conservative for the
near-in ground clutter which has been most troublesome so far as the ARSR
is concerned,

MTI Pulse Cancellers

To appreciate the significance of the previous results it is necessary to
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Fig. 6. Signal-to-interference ratio of the optimum processor.
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compare the performance with MTI techniques that are commonly used in prac-
tice. Classical MTI methods are simply approximations to the clutter rejec-
tion filter; no matched {iltering is used. The simplest pulse canceller sub-
tracts successive radar returns. Since a stationary object would produce
identical returns in the same range cell, the clutter would be cancelled and
only moving target returns would remain. The problem is that a scanning
antenna renders all fixed target returns nonstationary, hence much of the
ground clutter must pass through this type of filier. This deficiency in the
two pulse canceller can be made quantitative by defining the appropriate
sampled-data impulse response and then apply {(90) to compute the SIR. To
specify the filter it is noted that if r(nTp) denotes the radar samples cor-

responding to a particular range, then the output of the pulse canceller is
E(nT ) = r(nT ) —r[(n—1) T ] . 103
(nT ) = x{nT ) it )T, (103)

This corresponds to a sampled-data filter whose impulse response is

h(0) = 1
h(Tp) = -1
h(nTp) =0 nf 0, nf1 . (104)

The transfer function is therefore

z—1
H{z) = - {105}
and along |z| =1
j2wfT -j2nfT
H(e p)z 1—e P (106)
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The familiar form for the magnitude function is

|H(e Pyl = Zisinrrpr' . (107)

Using (101} and (102} in (90), the SIR performance curve can be computed. It
is plotted in Fig., 7 for a typical clutter power level and compared with the
optimum SIR possible. One reason the two-pulse canceller performs so
poorly in comparison to the optimum is due to the fact that the actual clutter
spectral density is spread about DC as a result of the antenna motion, Had the
clutter returns been truly stationary this filter should perform quite well
since it locates a null at DC.

Higher Order Pulse Cancellers

In order to further eliminate the higher frequency components in the clut-
ter returns, higher order pulse cancellers are used. With these a broader
rejection notch at DC should result in improved clutter rejection. An upper
bound on the SIR performance of this class of filters can be found by designing
an ideal notch to eliminate all of the clutter. Mathernatically this requires

that

2T ! \fl = 1/T
P
0 1/Tg < 1] :l/'—Ip (108)
which corresponds to the sampled-data impulse response

] 2unT
h{nT )= = sin(———p-) n=20, 1, £2,... {109)
P n TE

Using (90) the SIR performance of (108) can be computed for the sin x/x
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antenna pattern, The results are shown in Fig. 7 in comparison with the
optimum filter and the two pulse canceller, It is clear that although the notch

filter is considerably less than optimum significant improvements in perfor-

o i~ puxr +
mance over the two

111 &
=

[es
pul

¢
0
o
o

0
®

Digital MTI radars have recently been constructed which use higher order
pulse cancellers to approximate the ideal notch filtér [6]. Using the formula
for the suboptimum SIR, the performance of the proposed filter can be calcu-
lated. The filter of interest is a five-pulse canceller that has a irequency
response that is zero at DC and a least squares fit to the ideal notich else-

where. In this case the sampled-data impulse response is
h{-2) = h(2) = a,

h(-1) = b(1) = a,
h(0) = a_

h(n) = 0 Inj>2 . (110)
In other words, if r(kTp) is the received sequence then the filter output is
g(kTp) = a, r{k + 2) + a, r(k + 1) + aor(k) + 2, rk — 1} + a, rik —2) (111)

The z-transform of the impulse response is

_ 2 -1 -2 -
H(z)—azz +a1z+ao+alz ta, z (112)

and the function needed in the SIR evaluation is

jieniT

Py -
H (e Yy = a, + ZaL1 cos anTp + Zaz cos 4Trpr . {113)
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Although the filter is non-causal since it requires future inputs to process a
present value, it can easily be implemented by allowing ZTp sec, of delay be-
tween input and cutput. The coefficients ag, @), a, are chosen so that (113)
is 2 minimum-mean-squared-érror {fit to the ideal notch {108) subject to the
constraint H (f = 0) = 0. Equation {90) is used to obtain the suboptimum SIR
for this filter, Although the ideal notch and the more practical pulse can-
cellers provide some SIR improvement there is at least a 10-dB loss relative
to the performance of the optimum filter, The reason for this is due to the
enhanced receiver noise rejection properties of the matched filter bank of

the optimum receiver. If the ideal notch filter is used in cascade with the

matched filter bank, then essentially optimum SIR performance is obtained.
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V. AZIMUTH ESTIMATION ACCURACY

So far the analysis has been concerned with the ability of an MTI receiver
to estimate target doppler. Another parameter obtainable from the radar
sensor is the aircraft azimuth.” In the MTI context this corresponds to esti-
mating 7, the center of the two~way antenna pattern. It is well known [5]
that the maximum likelihood estimator generates minimum variance time of

arrival estimates when the SNR is large, In the present context this means

that
2 -1 ‘
A 2 ‘YolE 2
(']'-—TO) = -—-—-——-—ZN s w (114}
o]
where
(WirEan
]/l—- J.p 2
E:—,l;l- J \F (£ |“ at (115a).
p =1/2T &
4?2 F ()2t
2 - g
Wt = - (115b)

| 1F 0P

-0

The term Iyo \2 E/No represents the clutter-free SNR ;1t the cutput of the MTI
processor due to match filtering all of the signal pulses received in one sweep
past the aircraft, while mz represents the Gabor bandwidth of the two-way an-
tenna modulation. Egquation {102) defines Fg(f) for the sinx/x antenna pattern

which can be used in (115) to yield
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Using the fact that when a detection is made in the mth range ring, the azimuth

is given by

¢= o (T+mAT/2) . (117)
then
AT T2 2 2
(=0 )" = 0l (F— 1) (118)

Using the fact that w_ T = ABD where A is the defined beamwidth of the two-

E

way antenna pattern, then the mean-squared azimuth error is

—_— N
A 2 o 5 2

(0= ) = ——— " 5+ (A6 (119)
' l E =

Signal processing therefore leads to azimuth estimates more accurate than a

beamwidth when

2
ly "B

5
-~ -z (120)
[e) m

which corresponds to -3 dB received SNR., On the-other hand when the re-
ceived SNR is greater than 17 dB 10:1 improvements in the standard deviation
of the azimuth estimate can be obtained.

These improvements do not come for free however, since the ultimate
accuracy is tied Lo how many points are allowed to pass before another DFT

vy T1ladly 1 LA

is taken, It will be necessary to perform a trade-off between the desired
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azimuth accuracy and the number of points the data window is allowed to shift
before the next DFT is taken. The point is, that considerable improvements

are theoretically and practically possible; it remains to determine the expense

involved in achieving these gains.
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Vi. ALL-WEATHER MTI

Although the previous discussion has been concerned with the rejection of
ground clutter, the results are actually applicable to the problem of eliminating
clutter due to any source so long as its spectral density does not extend beyond
the rejection band of the notch filter. Therefore it is expected that the detec-

tor should perform well in many adverse environmen

tal conditions except

those in which the overall mass of the clutter '"cloud" has a significant radial
velocity. Since the scattering centers in a weather cloud will be in motion
relative to one another, the spectral density of the clutter returns will extend
over a larger frequency interval than that of the ground clutter background.
Since the doppler filters are designed on the basis of this latter quantity, the
enhanced velocity resolution will subdivide the power in the weather cloud and
its overall effect on target detection will be reduced. In the time domain this
effect is explained by noting that the motion of the scatterers causes the weath-~
er clutier to decorrelate faster than the ground clutter which means that inte-
gration of all of the pulses in a becamwidth will lead to some improvement in
target detection. Unfortunately it is likely that the power levels in each of
these f{ilters will exceed the receiver noise threshold setting resulting in false
alarms in the low velocity filters. However since weather clutter will probably
cause false alarms in several adjacent low velocity filiers it can be recognized

as clutter and disregarded. Although this is a simple and attractive scheme

for eliminating false alarms, the detection probability degrades to zero and
clearly an alternate choice is sought, Rather than just recognize and eliminate
false alarms, it is necessary for the receiver to raise the detection threshold

in those velocity cells that are covered by the clutter cloud. Adaptive
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algorithms have been derived [ 18] that estimate the average clutter power
and use this value to reset the detection threshold., In this case, the estimate
would be derived by averaging over the clutter returns in a range ring which
had been gathered scan-to-scan. The optimality properties of this algorithm
are based on the assurmption that except for an amplitude scale factor the clut-
ter correlation function is knoewn, This is an unrealistic assumption in the
present context since the velocity of the weather cloud and the width of the
associated spectral density will vary on an hour-to-hour basis, However, a
suboptimal algorithm can be deduced by further subdividing the clutler space
into the DFT velocity cells. Since the clutter spectral density is unlikely to
change significantly over the width of one velocity cell, the clutter can be
considered to be white noise of unknown average power. This is easily esti-
mated by the scan-to-scan averaging of the power measured in the velocity
cell, The detection threshold can then be set for the particular velocity cell
of interest by combining the estimated clutter power level with that of the re-
ceiver noise process.

The above algorithms may well prove to be of considerable utility in the
struggle to diminish the effects of weather clutter, but it will be necessary to
build an experimental system before final judgment can be passed. Since the
preceding discussion is based on intuitive considerations, it is of interest to
determine whether or not optimal weather processors can be derived and
what their role might be in a practical deployment of the MTI receiver. The
next few paragraphs document the first order study of the latter problem.

In the background of ground and weather clutter, the clutter process is

more precisely written as
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C(nT ) = C (nT ) + CynT ) (121)

Formerly Cg(nTp) referred to the ground clutter samples, but it will now be
taken to denote any clutter due to ground scattering or weather returns that
induce no doppler shift, The new term CW(nTp) refers to the clutter samples
from a weather cloud that is moving at some non-zero radial velocity. The
optimum receiver synthesized in the preceding sections is directly applicable
to the weather processing problem, except now the clutter spectral density
is

S(0) = 8. 0) + S {f— 1) (122)

where fw is used to indicate the average doppler shift induced by the moving
cloud. It will be assumed that Sg(f) and Sw(f - fw) are non-overlapping spec-

tral densities, so that
Sg(f) . Sw(f— fw) =0 . (123)

From the analysis of the preceding sections the clutter processing is done by

the clutter rejection filter having transfer function given by,

j2nfT
For convenience the notation Sc(f) is used in place of Sc(e p).
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] S (t—f)
"5 (f) + 2N '[I“S(f)+3(f—f)+2N]- (124)
g o g W W o)

Using the assumption in (123) in the last equation results in the following final

form for the ground plus weather clutter filter

1 sw(f_fw)
Hc”)zs_(ml\x_'[l"s (f—f)+2N] : (125)
g o w w 0

Therefore the weather clutier is processed by a separate filter that is an ad-
junct to the ground clutter notch filter discussed in the previous sections. It
was shown that the optimum clutter filter was well approximated by a notch
filter with an elimination band about DC to reject all signals due to both slow
targets and ground clutter returns, Therefore to a good approximation the
output of the ground clutter filter can be' assumed to be made up of signals

due to faster moving targets, receiver white noise and weather clutter returns,

In other words the output of the ground clutter filter can be assumed to be
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jvaOnT
r(nT )=y g(nT_—1T)e Py C_(nT )+ W(nT ) (126)
P L V W ¥ I i

when a moving target is present and it is

r{nT )= C_(nT )+ W(nT ) (127)
p w p P
when the target is absent. In the latter case, the filter having the transfer
function
Sw(f - iw)
S (f—=7 )+ 2N (128)
N w e}

generates the minimum-mean-squared error (MMSE) estimate of the weather
clutter waveform, Therefore the processor in (125) has the following inter-

pretation: First eliminate ground clutter returns using the notch filter; then

=+

process the remaining weather clutter and white noise output to generate a

is subtracted from the composite signal in (127) to yield
7 (oT ) ~ &w(n’rp) - (CnT ) = 6w(n'rp)] + W(nT ) (129)

which shows how the weather clutter filter tries to eliminate the clutter wave-
form,

If the weather clutter spectral density is known then the filter in {(124) can
be synthesized directly without recourse to the MMSE interpretation. How-
ever, this is precisely the problem with weather clutter; it is a random pro-

cess whose gross statistics change significantly from weather cloud to weather
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cloud. It is therefore essential that some adaptivity be built into the receiver
to track the gross changes in statistics of the weather clutter process. The
MMSE filter realization provides the basic structure for deriving the desired
adaptivity. Since the key element in the weather clutter processor is a linear
filter that generates the MMSE estimates of the weather clutter waveform
when no target is present, it can be replaced by a tapped delay line whose
taps are up-dated recursively using, for example, the stochastic approxima-
tion algorithm described in 119]. Since any weather cloud can reasonably be
assumed to be a quasi-stationary process inthe sense that its statistics do
not change significantly over many scans of the radar, many independent
sample functions are available which can be used to adapt the filter to give
near optimum MMSE estimates of the weather clutter waveform. The compu-
tational problem can be simplified somewhat by postulating a weather clutter
spectral density whose form is generally known except for a center frequency,
a magnitude scale factor, and a spectral spread factor. The received sample
functions can then be used to adaptively estimate these three parameters.
Once convergence has been obtained the matched filter bank normalization
factor in (56) and (A=13) can be computed. This will insure that a constant
false alarm rate (CFAR) receiver will result.

This area of research is'highly speculative since the ideas, originally

suggested in (9], have never been applied to a practical problem. However

DO, RS, T amman o i
t does show what must be done to perform optimum weather and ground clut-

[y

ter processing and it may very well prove useful in the MTI processor of the

future.
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VII. INTRODUCTION TO PART II
If the dbppier frequency caused by the maximum target velocity is less
than 1/2 Tp in magnitude then the digital MTI processor described in the pre-

optimum performance and
can be implemented using current digital technology. If on the other hand,
the induced doppler shifts are larger than 1/2 T , as is the case with the ARSR,
P
then the broad clutter notch at DC effectively folds over to eliminate from de-
tection targets whose dopplers correspond to some multiple of l/Tp. In such
a casec the performance of the filter is quite unsatisfactory. The reason for
the aliasing is of course due to the uniform sampling pattern. It is well
known in classical MTI that staggering the PRF, whicth means non-uniform
sampling, eliminates the so-called blind velocities so that targets moving
with dopplers at n/'Tp can once again be detected [17]. Although this techni-
que has been used for many years in practice no theoretical analysis of the
phenomenon has been presented. As a resull the classical investigators
failed to realize that non-uniform sampling not only enhances target detection
capability but also permits the unambiguous resolution of target velocity. In
Part II of this paper it is shown that designing the staggered sampling pattern
is equivalent to shaping the ambiguity function of a pulse train. Hence stag-
gering the sampling pattern reduces to a signal design problem which in con-
junction with the optimum processor described in this paper leads to an MTI
receiver that has never before been proposed for moving target indication
It is the first time that this author has scen the maximum likelibood method

lead to a receiver that some intuitive engin 1a

earlier,

57



APPENDIX

In Section III the likelihood function for the optimum MTI receiver was
derived in terms of whitened versions of the transmitted and received signal
sequence. Since this is an inconvenient receiver structure to implement
alternate realizations are sought. It will now be shown how the likelihood
equation can be manipulated to suggest the clutter filter, matched filter real-

ization. The following notation is needed:

R (z) = z[rw(nTp)] (A-1a)
s (7 9 = Z[Sw(nTp: )] (A-1b)
8, (z: @) = A (nT ;] (A-1c)

Using the complex convolution theorem for sampled-data sequences L11], the

term in the numerator of {56) can be written as

o
| * R 1oy ! ]
l r (nT ) ST (0T 5 @) = 5= R_(2) Qw( L o2 4z (A-2)
n= -
where the integral is to be evaluated along some suitably defined path in the
z-plane. The denominator in {56) can be considered a normalization factor

o

Blg) & ) 18,(T ;)

n=-w

= -2;11-3 ki) s fz @8 (202 an . (A-3)
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For the input signals, the following notation is needed:

R(z) = z[r(nTp)] (A-4a)
S(z; o) = Z[S(nTp; a) ] (A-4b)
S(z; a) = z[s*(nTp; )l . (A-4c)

These functions are related to those in {A-1) according to

R _(z)} = H_(2) R(z) (A-5a)
S {7 @) = Hf2) (2 o) (A-5b)
8,025 ) = H (2) S(zi 0} . (A-5c)

The last expression uses the fact that the impulse response of the whitening

filter is real. Then (A-2) becomes

=]

2 Ty (nT ) St,(nTP; ) E?IFJ §> [HW(Z)R(Z)] [Hw(%) §(%; g)] . Va,

n= -«

-9 [Hw(z) H (<) R(z)] 8t a2t a

o

), ®nT ) 8™ (T ; o) (A-6)

n= -«

where
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x(nT ) = 7”1 [Hw(z) H (=) R(z)] . (A-7)

Similarly (A-3) becomes

1 1 1 -1
E(o) = 1) ﬁs [Hw(z) HW(-Z-) S{z; g_)] g(—z-; o) z dz
. *
= nT ) S (nT ; ¢ A=8
), Y1) ST 0) (A=8)
n- -
where
- z71 1 : -
y(nTp) = Z [Hw(z) Hw( z) S(z; 9_/)] . (A-9)
For the problem at hand g = (v, T7) and
j2rvnT
S(nT_; o) = g(nT_=—1) e p (A-10)
P P
Since g(nTp) is real,
" -j2wvnT
“aT ;o) = glnT_— 1) e (A-11)
o \nlp = Bl p }
hence
. ) -j2nvT
S5(z; @) = eJZTTVT z T/Tp Gle pz) (A-12a)
. 2y T
- -T /T Jelt¥ 4
S(z; o) = ¢ VT 4 To Gle P2) {A-12D)

where G(z) = Z[g(nTp)]. Using (66) and {(A-12) in (A-8) the denominator of the

test statistic becomes

T is assumed to be a multiple of T .



S . 1 o . 1 D -1
E(v, T) = 5= P H (2) Gz e P) Gl= Py 2" az
= E(V) N (A'13)

Equation {A-13) shows that the energy normalization factor depends only in

the doppler frequency under test,

61



ACKNOWLEDGMENTS

The study documented in this report is the result of considerable inter-
action and cooperation of members of the Air Traffic Control Division and
the Lincoln Laboratory Radar Techniques Program. The author would
especially like to express his appreciation to P. R. Drouilhet who motivated
the study, and to T. Bially, L. Cartledge, T. J. Goblick, E. M. Hofstetter
and E. J. Kelly who contributed to the author's understanding of MTI radar.
Collaboration with R. D. Yates led to the basic formulation of the MTI
detection problem in terms of the sampled-data processing of data in range
rings and J. R. Johnson provided a key analytical manipulation that led to
the spectrum of the staggered PRF transmitted signal. Finally, the author
would like to thank A, F. Pensa who wrote the computer programs that

generated the SIR performance curves,

62



REFERENCES

T1] M. I. Skolnik, Introduction to Radar Systems {McGraw-Hill Book Co.,
New York, 1962), Chapter 4.

—
oo
(I

B. D. Steinberg, "Target Clutter and Noise Spectra, 't Part VI,
Chapter I, in Modern Radar (B, J. Berkowitz, John Wiley and Sons,
Inc., New York, 1965).

{31 P. Bradsell, ""Moving Target Indication: A Survey of Developments
since 1948," Chapter 9 in Radar Techniques for Detection Tracking
and Navigation by W. T. Blackband, (Gordon and Breach Science
Publishers, New York, 1966).

—1
*=N
Ly

E. M. Hofstetter, C. J. Weinstein and C. E. Muehe, "A Theory of
Multiple Antenna AMTI Radar," Technical Note 1971-21, Linceoln
Laboratory, M.I.T. (8 April 1971).

(5] E. JI. Kelly, I. S. Reed and W, L. Root, "The Detection of Radar
Echoes in Noise, II,' J. Soc. Indust. Appl. Math., Vol. 8, No. 3
September 1960, pp. 495.

[6] R. A. Linder and G. H. Kutz, "Digital Moving Target Indicators, "

Supplement to IEEE Trans, on Aerospace and Elecironic Systems,
Vol. AES-3, No. 6, November 1967, pp. 374-385.

[7] H. L. Van Trees, "Optimum Signal Design and Processing for
Reververation-Limited Environments," IEEE Trans. on Military
Electronics, Vol. 1, July-October 1965, pp. 212-229,

[8] B. Gold and C. M. Radar, Digital Processing of Signals (McGraw-Hill
New York, 1969), Section 4.13.

[9] R. J. McAulay and R, D, Yates, '"Realization of the Gauss-in-Gauss
Detector Using Minimum-Mean-Squared-Error Filters,'" JEEE Trans,
on Information Theory, Vol, IT-17, No. 2, March 1971, pp. 207-209,

{10} H. L. Van Trees, Detection Estimation and Modulation Theory, Part IlI,
(Wiley, 1971, New York), Chapter 2.

{11] B. Gold and C. M. Radar, op.cit. Section 2.8.

[12) B. C. Kuo, Discrete-Data Control Systems (Prentice Hall, Inc., New
Jersey, 1970) pp. 49.

[13) W. D. Wirth, "Detection of Doppler Shifted Radar Signals with Clutter
Rejection," AGARD Conference Proceedings No. 66 on Advanced Radar
Systems, November 1970, pp. 30-1 to 30-19,

63



[14) L. E. Brennan and I. S. Reed, "Optimum Processing of Unequally
Spaced Radar Pulse Trains for Clutter Rejection,'" IEEE Trans. on
Aerospace and Electronic Systems, Vol. AES5-4, No. 3, May 1968,
pp. 474-477.

[15] B. C. Kuo, op.cit., Chapter 3.

(161 Air Route Surveillance Radar ARSR-2, Vol. I, General Description
and Theory of Operation, Raytheon Company, 1960.

[17) S. E. Perlman, ''Staggered Rep Rate Fills Radar Blind Spots, "
Electronics, 2} November 1958, pp. 82-85.

(18] H. M. Finn and R. S. Johnson, "Adaptive Detection Mode with Threshold
Control As A Function of Spatially Sampled Clutter-l.evel Estimates, "
RCA Review, September 1968, pp. 414-464.

f19] D. J. Sakrison, R. J. McAulay, V. C. Tyree and J. H. Yuen, "An
Adaptive Receiver Implementation for the Gaussian Scatter Channel, "
IEEE Trans. on Communication Technology, Vol. Com=-17, No. b,
December 1969, pp. 640-648.

64



__UNCLASSIFIED
Security Classification

DOCUMENT CONTROL DATA -~ R&D

{Security classification of title, body of abstract gnd indexing annotation mus! be entered when the overall report is classified)

1. ORIGINATING ACTIVITY {Corporate author) 28, REPORT SECURITY CLASSIFICATION
Unclassified
Linceln Laboratory, M.1.T. an emoUp
None

3. REPCRT TITLE

A Theory for Optimal MTT Digital Signal Processing: Part I. Receiver Synthesis

4, DESCRIPTIVE NOTES (Type of report and inclusive dates)
Technical Note

5. AUTHORIS! (L.ast neme, firs! name, initial)

McAulay, Robert |,

6. REPORT DATE 7a8. TOTAL NO. OF PAGES 7b. NO. OF REFS
22 Februarvy 1972 70 19

98, ORIGINATOR'S REPORT NUMBERL(S)

a . F19628-70-C-0230
fo CONTRACT OF GRANT MO Technicat Note 1972-14 (Part 1)

b. PROJECT NO. 049l

assigned this report)

[

ESD-TR-72-55

d.

10, AVAILABILITY/LIMITATION NOTICES

Approved for public release; distribution unlimitesd.

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

None : Air Foree Systems Command, USAF

13. ABSTRACT

A classical problem in radar theory is the detection of moving targets in a ground clutter plus receiver
neise background.  Improvements in ¢lutter rejection have recently been made by replacing analog MTI
processors by their digital equivalents as this eliminates many of the problems associated with the main-
tenance of the analog hardwarc.  In an attempt to determine the ultimate improvemoents possible using this
new technology, the MTT problem was formulated as a classical detection problem and solved using the gen-
vralized likelihood ratio test. By manipulating the likelihood ratio, the receiver could be interpreted as a
clhier filter in cascade with a doppler filter hank, The performance of the optimum receiver was evatuated
interms of the output signal-to-interference ratio and compared with welt-known MT1 processors. It was
shown that near-optimum performance can e ebtained using a sliding weighted Diserete Fourier Transform
ML),

All of the results in Part 1 assume uniformly spaced transmitted pulses, which, for high velocity air-
craft, lTeads Lo aliasing of the target and clutter spectra and detection blind speeds. In Part H the maximum
likelihood method is applicd using a more general mede] for the non-uniformly sampled target returns,  This
leads to an optimum receiver that is a slightly more complicated version of the sliding weighted DIFT, o
addition to removing the detection blind speeds, it is found that unambiguous doppler measurements are
pussible by selecting the staggering algorithm to properly design the signal's ambiguity function.

14. KEY WORDS

air traffic control Fourier transform

moving target indication (MTI) clutter rejection filter
digital signal processing

gh. OTHER REPORT NOLS) (Any other numbers that may be

65 UNCLASSIFILD

Security Classification





