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The Problem: Example DFT

Discrete Fourier Transform (DFT) on 2xCore2Duc 3 GHz (single precision)
Performance [Gflop/s]
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Best code
20

15
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Numerical recipes

16 32 64 128 256 512 1,024 2,048 4,096 8,192 16,384 32,768 65,536 131,072262,144
input size

m Standard desktop computer
m Same operations count =4nlog,(n)
m Similar plots can be shown for all numerical problems 2
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DFT Plot: Analysis

Discrete Fourier Transform (DFT) (on 2xCore2Duo 3 GHz)
Performance [Gflop/s]
30

Multiple threads: 2x

25
20

15 Vector instructions: 3x

10
Memory hierarchy: 5x

SR AR SR, | R SN y@?‘ '»9@ w@“’ %‘q"' '&.3,@‘ .,,'\:‘\éb é;;b“’ @‘& o
input size
m High performance library development = nightmare

m Automation?



Idea: Textbook to Adaptive Library

Textbook FFT

“FFTW”



Goal: Teach Computers to Write Libraries

Input: Key technologies:

= Transform:DFT, m Layered domain specific
m Algorithm: DFT,,, — (DFT), @1,,)T " (I}, @ DFT,,) L™ language

m Hardware: 2-way SIMD + multithreaded m Algorithm manipulation

via rewriting
m Feedback-driven search

m Full automation

Output:
m FFTW equivalent library
m For general input size

m Vectorized and multithreaded

m Performance competitive 5



Contribution: General Size Library

Transform T

Ibrary for DFT o

DFT of size 1024 Or
any size

dft _1024(X, Y); Env_1 dft(1024);
dft.compute(X, Y);

Fundamentally different problems 6



Beyond Fourier Transform and FFTW

Cooley-Tukey “Cooley-Tukey” DCT Overlap-save/add FIR
FFT

“FFTW” “FcTW” “FIRW”

Fast Walsh Transform  Fast Wavelet Transform Fast Hartley Transform

“WHTW” “FWTW” “FHTW”



Examples of Generated Libraries

12

3 PP 5.2 g % IPP 5.2
2 FFTW3.2apha <& FFTW3.2alpha2
mam Cenerated library mem Generated library

2
wdge |PP 5.2
DFT --#-- FFTW 3.2alpha2
5 — Generated Ilbrary

4 8 16 32 64 128 256 512 1k 2k 4k 8k 16k 32k 84k

* 2-way vectorized, 2-threaded *
e Most are faster than hand-written libs | =
e Code size: 8-120 KLOC or 0.5-5 MB |
e Generation time: 1-3 hours

0
8
6%
4
2
0

% 1 i [
= —om 1P 5.2, single IpP 52, single
H ~+ IPP 5.2, double 2 2, double
Fllter mmm Generaled, single Wavelet mam Generated, single
i Generated, double 0 wmi Generated, double
10 30 40 50 6 10 20

20 a0 40 50 60

Total: 300 KLOC / 13.3 MB of code generated in < 20 hours
from a few simple algorithm specs

Intel IPP library 6.0 will include Spiral generated code 8
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I. Background

Il. Library Generation
lll. Experimental Results

IV. Conclusions and Future Work



Linear Transforms
m Mathematically: matrix-vector product
y="1x
Output vector Transform matrix Input vector

m Examples:
_WHTn /2 WHTN /2

_ [ ke . — e—2mi/n _ /
DFTn - u’ﬂ. :|“(_‘k.f{n ’ n ‘ WHT-H _WHT?IJ,*'IQ - WHT?IJ,-"’Q‘|
B IH B IH
T T
RDFT, = | [ cos 22k DHT, = | [ cas 2L
I —sin —TE | | cms 2":
I klém [ 4+ 1)+ 1)
DCT-1, = |cos | DST-1,, = ﬁiu( + 1)( _+ )
I n—1 i n+1
I ]t' 2{ J. m I ]1' J. 2{
DCT-2,, = |cos (2;]} DST-2,, = Hm( + 2 1 }
T T
2% + 1)r 2%k +
DCT-3, = |cos %} DST-3,, — Hm( 2 }
T T
2 T+ D 2k + i
DCT-4, — |cos 2T }4(2‘{*“ } DST-4, — |sin 2 E 42”1 }
471 n
o+ 1)(20 + 1 ;r W+ 1)(2%k+1+n)r 10
MDCT, — |cos 2 }(4 rl+n) ] IMDCT, — |cos 22t )(4 tl+n) }
47T 471
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Fast Algorithms, Example: 4-point FFT

m Fast algorithms = matrix factorizations

1 1 1 1 1 - 1 1 -
1 z -1 —2 -1 - 1 -1 - - 1 —1 .
{1 -1 1 -1 .
1
12 aigds mult adds
4 mu hen multipligll with input v

1 . -1 S 1
-1 —1 2
DFT4 — (DFT> ®12)D(12 0% DFTQ)P
|

Fourier transform Kronecker product Identlty Permutatlon

Xr —

m SPL = mathematical, declarative specification

m Space of algorithms generated using breakdown rules

11



Examples of Breakdown Rules

DFT, — (DFT;®I)Dy Iy ® DFT,,)L} DFT
DFT, — V, L(DFT},@l,)(l; @ DET,)V;.; (0.0) Cooley-Tukey
DFT, — W.!(I; ® DFT, 1)E,(I; © DFT,_ )W, (2.3)
DFT, — B,I D, DFT,, D, DFT,, D" Bpm. m>2n—1 (2.4)
DFT, — Py, (DFT2, @ (I 1 ©; Cou rDFTy,, (i + 1)/k))) (RDFT ©1,,)
(2.5)
RDFT, RDF T, rDETo, ( ) /k)
DHT/, DHT),, IDHTQm( (i +1 );‘L:)
RDFT),
P]BII){ng @ I (2.6)
DHT’},
RDFT, — D, -DCT-2,-F,. n odd (2.7)
DCT-2, — Py, (DOT-22m K3™ & (Iij3-1 © Nom RDFT-33,,) ) Gnl(Ly/; Gl DCT
(L, ® RDFT})Q,, 0.1 (2.8) “Cooley-Tukey”

= “Teach” Spiral domain knowledge of algorithms. Never obsolete.

= Each rule leads to a library 12
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. Background

Il. Library Generation

lll. Experimental Results

IV. Conclusions and Future Work

13



How Library Generation Works

Transforms + Library Target
Breakdown rules (FFTW, VSIPL, IPP FFT, ...)

Library Structure

Parallelization / Vectorization
Recursion Step Closure

recursion step closure
as 2-SPL formulas

Library Implementation

Build library plan
Hot/cold partition

Generate target code

High-performance library 14
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Breakdown Rules to Library Code
m Cooley-Tukey Fast Fourier Transform (FFT)

DFTy,,z = (DFTy @Im)TR" (I, ® DF Ty ) LE™a:

AN stride &
o - ?I%QQ r..J © | k=4

N o
Sli\ sinde 1

= Naive implementation

void dft(int n, cplx X[], cplx Y[]) {
k = choose_factor(n); m = n/k;
Z = permute(X)

for i=0 to k-1
dft_subvec(m, Z, Y, ..)
~for i=0 to n-1
Y[i] = Y[1]*T[1i];
for 1=0 to m-1
dft_strided(k, Y, Y, ..)

2 extra functions needed 15


Presenter
Presentation Notes
descend example
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Breakdown Rules to Library Code

m Cooley-Tukey Fast Fourier Transform (FFT)

DFT},, z = (DFT), ®In)TE™ (1), ® DFT,,) L

| %I%%I% = stride k

stride 1

= Naive implementation m Optimized implementation
void dft(int n, cplx X[], cplx Y[]) { void dft(int n, cplx X[], cplx Y[]) {
k = choose_factor(n); m = n/k; k = choose_factor(n); m = n/k;
Z = permute(X)
for i=0 to k-1
for i=0 to k-1 dft_strided2(m, X, Y, ..)
dft_subvec(m, Z, Y, ..)
for i=0 to n-1 for i=0 to m-1
Y[i] = Y[i]*T[i]; dft_strided3_scaled(k, Y, Y, T, ..)
for i=0 to m-1 }

dft_strided(k, Y, VY, ..)

How to discover these specialized variants automatically?


Presenter
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Library Structure

Vi (DFT,@1n)(I; ®DFT) Vi, m  Input:
(DFT, ®1In) TE™(1;, ® DFTy) L}I.,fm' = Breakdown rules

m  Output:

Library Structure .
y = Recursion step closure

Parallelization / Vectorization

Recursion Step Closure

= 3-SPL Implementation of each
recursion step

DFT
S. DFT G, m Parallelization/Vectorization

S, D.FT G. = Adds additional breakdown rules
Sh DFSTSIS%(BE‘;) Gn = QOrthogonal to the closure generation
S, DFT G,
Sh.oz DFT Gh-
S;, DFT diag (Dat) Gjo.
S. DFT diag (Dat) Gy,

Sho: DFT diag (Dat) Gy, 17



Computing Recursion Step Closure

m Input: transform T and a breakdown rule
m Output: spawned recursion steps + 2-SPL implementation

m Algorithm: {DFTy}

1. Apply the breakdown rule 1
({DFT,, .} @ I)Ti (1, @ {DFTy}) Ly /)
2. Convert to X-SPL

b1 n/k—1

i=0 j=0

3. Apply loop merging + index simplification rules.

k-1 n/k—1

Z'::, Sh; ADFT,, .} diag(foh; 1) Gy, , Z Sh ADFTL} Gy,

i= =
4. Extract recursion steps

o1 1 n/k—1

;} {Sh,, DF T, diag(foh;) Gp, , } j;o {Sh,, DFT: Gy, . }

5. Repeat until closure is reached

Parametrization (not shown) derives the independent parameter set 18
for each recursion step
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Recursion Step Closure Examples

1: DFT,

DFT (scalar) \

2: S(h: ") DFT, G(h ")

,/U

3: S(hi7*) DFT, diag (pre(**—C))G(h: ") 4 mutuaIIy recursive functions
< .
) - computed automatically

4: S(h; 1) DFT, diag (pre(+*—)) G (k1"

0 | - described using 2-SPL formulas

DCT4 (vectorized) i Vera(DOTA, )
2 : Vecy(GT(diag (Nzua) RDFT—32THa rediag(pre(ug =<2 ek, h-é_“%?;‘s o Fﬁ;‘s. ré”ﬁ:fig s 113 })
AS 1 3 Vecy(GT(RDFT-3,, diag {Nul), rglu—st‘f . h[‘)‘_‘@f‘f? {ug )
4 Viamy(GT(diag (Nau,) RDFT-3],, rediag (pre(uy <25 R)) 2 ve o 2o p2us g oy, p)
/ \ 51 GT(diag (Nauy) RDFT-3],, rediag(pre(ug® 2@ =)), Aotop s o (20, raioi1o | {ugs))
RS 2 RS 3 6: Vlamo(GT(RDFT-3,, diag (N,,), rfflui“fz ug? hg};;”f’_z, 12,u10}))

U3, Uy g, Ui, U1 4

/ l l \ 7: GT(RDFT-3,, diag (No,), r 2% ) B9 fugs))
8 : S(h'i—12) RDFT-3,, diag (N, ) G(ra—w | )
9

RS54 | RS5 | RS6 RS 7 : S(r2va v ydiag (Nawy, ) RDFT-35,  rediag(pre(ug?®®)) G213, 1t o 2113
l i l \ 10 : VJamy(GT(diag (Nau,) RDFT-3],, rediag(pre(uy 220 —R)), pluopie o g2t0 p2ua—uio - fo)))

11: VIamy(GT(RDFT-3,, diag (V,,), r075  Bl=te (91))

5} wg, ug, 1, ur? "Cuig, wyp.1?

RS 10 RS 9 RS 11 RS 8 o Cemm -
12+ GT(diag (Cyy ) rDF Ty, (A-wrap(A =57 8)), A3 00 RIS o (gt L @ 02), {u1a})

/ l T / \‘\ 13 : VJam:(GT(diag (_C"'ul) rDF Ty, (A-wrap(A\ T E IRy h-i;}@—mt_[ﬁu?. fli?é?;:‘?l o (T‘ff,l;?}[ﬁ_ ws ©12) {2,116 1))

RS13 RS14 RS12 RS1s5 14 VJamy(GT(RDET-3y, diag (Nuy). ril 6% r ue firy it e 12:014})
l l 15 : GT(RDFT-3y, diag (N, ), il g gy s {u})

g, WE, Uy, Ug?

16 2 S(h2U5, 712 o (p16H5 | 5 g) )diag (Cly ) rDF Ty, (A-wrap(A ZF)) GRS 112)

g, g s, Uz, Ug w14, 1
RS 17 RS 16 171 VIamy(GT(diag (Cy, ) ’IDF Ty, (A-wrap(A ZE7R)) Bt i pun s o (=it cay), {2)))

19
17 mutually recursive functions
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Base Cases

m Base cases are called “codelets” in FFTW

= Why needed:

® Closure is converted into mutually recursive functions
= Recursion must be terminated
= Larger base cases eliminate overhead from recursion

= How many:

= |In FFTW 3.2: 183 codelets for complex DFT (21 types)
147 codelets for real DFT (18 types)
" |n our generator: # codelet types % # recursion steps

m Obtained by using standard Spiral to generate fixed size code

{S(hy, 1?) DFT2 G(hiyu) }

{S(h3 1) DFT3 G(huy )]

20



Library Implementation

DFT
S. DFT Gy, .
S DFTC. = Input:
Sy, DFT diag (Dat) Gy, = Recursion step closure
S, DFT G, . . :
S, DFT G,... 2-SPL |.mplementat|on of each
S).. DFT G, recursion step
Sy, DFT diag (Dat) Gyo. (base cases + recursions)
S. DFT diag (Da,t) Gy,
Sho: DFT diag (Dat) Gy, | OUtpUt:

" High-performance library
= Target language: C++, Java, etc.

Library Implementation

Build library plan
Hot/cold partition

Generate target code
l = Perform hot/cold partitioning

" Generate target language code

m Process:
= Build library plan

High-performance library 21
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. Background

ll. Library Generation

lll. Experimental Results

IV. Conclusions and Future Work
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Double Precision Performance: Intel Xeon 5160

2-way vectorization, up to 2 threads

Performance [Gflop/s] Performance [Gflop/s]
14 12

Generated library

12

10

10

Generated library

2 m@mm Generated library mpm Generated library
Complex DFT W=y e Real DFT o el
0 ; --u--IPPES - 0 : : --d--IPPES -
4 8 16 32 84 128 256 512 1k 2k 4k 8k 18k 32k a4k 4 8 16 32 84 128 256 512 1k 2k 4k 8k 18k 32k a4k
Performance [Gflop/s] Performance [Gflop/s]
8 6

Generated library Generated library

2
| ._“ ..ul!. f— |
L e gy Generated library
th .'::: ﬁ,ﬁ;‘;‘f 2a2 * Longih v FFTW 3,222 23

o gt IPP 5.3
4 8 16 32 64 12B 256 512 1k 2k 4k 8k 16k 32k B4k 4 8 16 32 64 12B 256 512 1k 2k 4k 8k 16k 32k B4k
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FIR Filter Performance
2- and 4-way vectorization, up to 2 threads

Performance [Gflop/s] Performance [Gflop/s]
18 8

16

14 s Generated

library

+ B ngpn Generated, double m§n Generated, double
mgm Generated, single mgm Generated, single
2 8 wifip |PP 5.2, double qth "% IPP 5.2, double
" mge= |PP 5.2, Bingla 0 =g PP 5.2, singla
20 B0 320 1280 5120 20480 81920 20 8O 320 1280 5120 20480 81920
Performance [Gflop/s] Performance [Gflop/s]
18 14
16 19
14
Generated o Generated
2 library B library
1o g ungPuuguungy “'uu.
8 6

1 4
. enerated, single 2

d 32-tap filter WM = [FP'52 doubl

0 T T — . 0

20 80 320 1280 2120 20480 81920 20 80 320 1280 2120 20480 81920

ngpn Generated, double

mmm Generated, single

wip |PP 5.2, double 24
=#= |PP 5.2, single
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2-D Transforms Performance
2- or 4-way vectorization, up to 2 threads

Performance [Gflop/s] Performance [Gilopis]
22

20 -
s Generated library

B
.n.rn."_'-l ""-t'

‘.m.-u.“'
L

6 Intel IPP
N 2-D DFT single

-‘—IPPEE

DrTfl’TTl'TIll. r r & 1 LN I B T & 1
 F 0 xR EIRRELTLEE YL @ X0 x 2z EIRLEZTLTELE YL
-823383335853533qa S-883883358535¢ 344
T @ F A N B BB - e T 2P AR BB B = =
- — o & ® b b - — o o oo b b

Performance [Gilop/s] Performance [Gflop/s]

8 14

Generated library

Generated library

I‘.I._“.“..n--..-ﬂl.-in.'u.

5 .'i -n‘,“..“..“'“-ii--n'

‘.,. s*
m=gea (I;.ianeraal;d sib 2 'Mﬁrﬁd ai!lbrar';
- - ven [l 28 LI L Flw o
. 2-D DCT-2 double *SEs-eliayX ize g4 |PP 5.2
S EE E i EaasiL e ubul - 25858585 25
mreooeegugggge s R A A R EEE R R
— — O N O uw uw — = 0 0O O W oW
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Customization: Code Size

Performance [Gflop/s]
6

13 KLOC

-

‘Q

o 3 KLOC

’
gl 2 KLoC
7
F N\
1.3 KLOC

FFTW: 150 KLOC

L J
L J

-“]_

g‘.ize .

OI 1 | 1 1 |
4 8 16 32 64 128 256 512 1k 2k 4k 8k 16k 32k 64k

26
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Backend Customization: Java

Performance [Gflop/s] Performance [Gflop/s]
6 S

Generated library Generated library

JTransforms
mpmm Generated library mpm Generated library
Complex DFT =g== JTransforms Real DFT Length  —#= JTransforms
G T L] T T T T T T T 1
4 8 18 32 B4 128 256 512 1k 2k 4k Bk 18k 3%k 64k 4 8 16 32 B4 128 256 512 1k 2k 4k Bk 16k 32k 64k
Performance [Gflop/s] Performance [Gflop/s]
4 4

Generated library

Generated library

| TS TER

FIR Filter Lonth =— ﬁgw":,mtﬂd

Portable, but only 50% of scalar C performance

mem Generated library

L ength = JTransforms

27
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Summary

FFT

= Full automation:
Textbook to adaptive library

m Performance

. SIIVID ”FFTW”
" Multicore o o o
m Customization FIR

= Industry collaboration

" Intel IPP 6.0 will include Spiral
generated code

“FIRW”

28
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